Abstract The Lambda-renormalized Einstein-Schrödinger theory is a modification of the original Einstein-Schrödinger theory in which a cosmological constant term is added to the Lagrangian, and it has been shown to closely approximate Einstein-Maxwell theory. Here we generalize this theory to nonAbelian fields by letting the fields be composed of d × d Hermitian matrices. The resulting theory incorporates the U(1) and SU(d) gauge terms of Einstein-Maxwell-Yang-Mills theory, and is invariant under U(1) and SU(d) gauge transformations. The special case where symmetric fields are multiples of the identity matrix closely approximates Einstein-Maxwell-Yang-Mills theory in that the extra terms in the field equations are < 10 −13 of the usual terms for worst-case fields accessible to measurement. The theory contains a symmetric metric and Hermitian vector potential, and is easily coupled to the additional fields of Weinberg-Salam theory or flipped SU(5) GUT theory. We also consider the case where symmetric fields have small traceless parts, and show how this suggests a possible dark matter candidate.
Introduction
The Einstein-Schrödinger theory is a generalization of vacuum general relativity which allows non-symmetric fields. The theory without a cosmological constant was first proposed by Einstein and Straus [1, 2, 3, 4, 5] . Schrödinger later showed that the theory could be derived from a very simple Lagrangian density [6, 7, 8] if a cosmological constant was included. Einstein and Schrödinger suspected that the theory might include electrodynamics, but no Lorentz force was found [9, 10] when using the Einstein-Infeld-Hoffmann (EIH) method [11, 12] .
In a previous paper [13] we presented a simple modification of the EinsteinSchrödinger theory that contains Einstein-Maxwell theory. The Lorentz force definitely results from the EIH method, and in fact the ordinary Lorentz force equation results when sources are included. The field equations match the ordinary Einstein and Maxwell equations except for extra terms which are < 10 −16 of the usual terms for worst-case field strengths and rates-of-change accessible to measurement. An exact electric monopole solution matches the Reissner-Nordström solution except for additional terms which are < 10 −65 of the usual terms for worst-case radii accessible to measurement. An exact electromagnetic plane-wave solution is identical to its counterpart in EinsteinMaxwell theory. The modification of the original Einstein-Schrödinger theory is the addition of a second cosmological term Λ z g µν , where g µν is the symmetric metric. We assume this term is nearly canceled by Schrödinger's "bare" cosmological term Λ b N µν , where N µν is the nonsymmetric fundamental tensor. The total "physical" cosmological constant Λ = Λ b + Λ z can then match measurements of the accelerating universe. A possible origin of our Λ z is from zero-point fluctuations [14, 15, 16, 17] and Higgs field vacuum energy, although we just take Λ z as given, without regard to its origin. The theory in [13] is related to one in [18] , but it is roughly the electromagnetic dual of that theory, it uses a different nonsymmetric Ricci tensor with special transformation properties, it allows coupling to additional fields (sources), and it allows Λ = 0.
Here we generalize the theory in [13] to non-Abelian fields by letting the fields be composed of d × d Hermitian matrices [19] . This is done much as it is done in [20, 21] with Bonnor's theory [22] . The resulting theory incorporates the U(1) and SU(d) gauge terms of the Einstein-Maxwell-Yang-Mills Lagrangian, and if we assume that symmetric fields are multiples of the identity matrix, we get a close approximation to Einstein-Maxwell-Yang-Mills theory. The theory can be coupled to additional fields using a symmetric metric g µν and Hermitian vector potential A µ . If we let d = 2 and couple the theory to the Standard Model, the U(1) and SU(2) gauge terms are incorporated together with the geometry, and the combined theory is invariant under U(1) ⊗ SU(2) ⊗ SU (3) . Likewise, if we let d = 5 and couple the theory to flipped SU(5) GUT theory, the U(1) and SU(5) gauge terms are incorporated together with the geometry, and the theory is invariant under U(1) ⊗ SU (5) . Note that flipped SU(5) GUT theory [24, 25] avoids the short proton lifetime and other problems of the original SU(5) GUT theory. Assuming that we use the usual fermion and Higgs field Lagrangian we will get the usual energy-momentum tensor in the Einstein equations, the usual current in Ampere's law, the usual equations of motion for fermion and Higgs fields, and the usual mixing and mass acquisition in A µ . This paper is organized as follows. In §2 we discuss the Lagrangian density. In §3 we show that the Lagrangian density is real and invariant under U(1) and SU(d) gauge transformations. In §4 we consider the special case where the symmetric fields are multiples of the identity matrix, and we quantify how closely this theory approximates Einstein-Maxwell-Yang-Mills theory. In §5 we consider the case where the symmetric fields have small traceless components, and show how this suggests a possible dark matter candidate.
The Lagrangian density
Einstein-Maxwell-Yang-Mills theory can be derived from a Palatini Lagrangian,
containing a metric g νµ , connection Γ α νµ , and Maxwell-Yang-Mills field tensor
Here Λ b is a cosmological constant and g c is the coupling constant. The vector potential A σ is composed of d×d Hermitian matrices and can be decomposed into a real U(1) gauge vector A 0 σ and
Here I is the identity matrix and the generators τ a are d×d matrices with
where the f abc are totally antisymmetric structure constants. For example, with d = 2 the τ a are the Pauli matrices, f abc = ǫ abc , and g c = e/sinθ w where θ w is the weak mixing angle. F νµ ) in (1) contains both U(1) and SU(d) gauge terms. Our conventions differ a bit from the usual ones. The factors of 2d in (1,2) result because our τ a are normalized like the identity matrix as in (4) instead of with tr(τ a τ b ) = δ a b /2, so that A 0 and A a are on an equal footing in (3). As in [13] , a factor of 1/4π in (1) results because we are not using the Heaviside-Lorentz convention. We are also using geometrized units with c = G = 1 instead of natural units with c =h = 1.
The original Einstein-Schrödinger theory allows a nonsymmetric N µν and Γ λ ρτ in place of the symmetric g µν and Γ λ ρτ , and excludes the tr(F ρα g αµ g ρν F νµ ) term. Our theory introduces an additional cosmological termḡΛ z as in [13] , and also allows Γ ρ νµ and N νµ to have d×d matrix components [19] ,
where Λ b ≈ −Λ z so that the total Λ matches astronomical measurements [23] 
and the vector potential is defined to be
The "physical" metric g νµ and the fields g νµ ,h νµ ,ḡ andN are defined bȳ
Note that (8) defines g µν unambiguously becauseḡ = [±det(ḡg µν )] 1/d(n−2) . The symmetric metric g νµ is used for measuring space-time intervals, covariant derivatives, and for raising and lowering indices. The L m term is not to include a tr(F ρα g αµ g ρν F νµ ) term but may contain source terms with the usual coupling to A ν and g νµ . Tensor indices are assumed to have dimension n=4, but as with the matrix dimension "d", we will retain "n" in the equations to show how easily the theory can be generalized. The non-Abelian Ricci tensor in (5) is chosen to have special symmetry properties to be discussed later,
(n−1) .
For Abelian fields the third and fourth terms are the same, and this tensor reduces to the Abelian version in [13] . This tensor reduces to the ordinary Ricci tensor for Γ For our theory the Maxwell-Yang-Mills field tensor f νµ is defined bȳ
Then from (8), g µν and f µν are parts of a total field,
We will see that the field equations require
A µ ] to a very high precision. From (2) this agrees with Einstein-Maxwell-Yang-Mills theory when
/sinθ w and (6) gives
where l P = Gh/c 3 = 1.616×10
−33
cm, α = e 2 /hc = 1/137 and sin 2 θ w = .23.
It is helpful to decompose Γ ρ νµ into a new connectionΓ α νµ , and A ν from (7),
By contracting (15) on the right and left we see thatΓ α νµ has the symmetrỹ
so it has only n 3 −n independent components whereas Γ α νµ has n 3 . Substituting the decomposition (14) into (10) using (110) from Appendix A,
Using (17), the Lagrangian density (5) can be rewritten in terms ofΓ α νµ and A σ from (15,7),
HereR νµ = R νµ (Γ ), and from (16) our non-Abelian Ricci tensor (10) reduces toR
From (14, 16) 
Invariance properties of the Lagrangian density
Here we show that the Lagrangian density is real (invariant under complex conjugation), and is also invariant under U(1) and SU(d) gauge transformations. The Abelian Lambda-renormalized Einstein-Schrödinger theory comes in two versions, one where Γ and N * νiµk = N µkνi , where i, k are matrix indices. Using matrix notation these symmetries become
where "T" indicates matrix transpose (not transpose over tensor indices). We will assume this Hermitian case because it results from Λ z < 0, Λ b > 0 as in (13) . From (20, 8, 11, 7) the physical fields are all composed of d×d Hermitian matrices,
Hermitian f νµ and A ν are just what we need to approximate Einstein-MaxwellYang-Mills theory. And of course g νµ and g νµ will be Hermitian if we assume the special case where they are multiples of the identity matrix. Writing the symmetries as N * νiµk = N µkνi , g * νiµk = g νkµi = g µkνi , and using the result that the determinant of a Hermitian matrix is real, we see that the nd× nd matrix determinants are real
Also, using (20) and the identity M
T we can deduce a remarkable property of our non-Abelian Ricci tensor (10), which is that it has the same nd×nd Hermitian symmetry as Γ α νµ and N νµ ,
From the properties (23, 20, 22) and the identities tr(
we see that our Lagrangian density (5) or (18) is real. With an SU(d) gauge transformation we assume a transformation matrix U that is special (det(U ) = 1) and unitary (U † U = I). Taking into account (3, 7, 14) , we assume that under an SU(d) gauge transformation the fields transform as follows,
Under a U(1) gauge transformation all of the fields are unchanged except
Writing the SU(d) gauge transformation (31) as
and using the identity det(
, we see that the nd× nd matrix determinants are invariant under an SU(d) gauge transformation,
Another remarkable property of our non-Abelian Ricci tensor (10) is that it transforms like N νµ under an SU(d) gauge transformation (27) , as in (106) of Appendix A
The results (38,39) actually apply for any invertible matrix U , and do not require that det(U ) = 1 or U † U = I. Using the special case U = Ie −iϕ in (39) we see that our non-Abelian Ricci tensor (10) is also invariant under a U(1) gauge transformation,
From (39,31,38,40) and the identity tr(M 1 M 2 ) = tr(M 2 M 1 ) we see that our Lagrangian density (5) or (18) is invariant under both U(1) and SU(d) gauge transformations, thus satisfying an important requirement to approximate Einstein-Maxwell-Yang-Mills theory. One of the motivations for this theory is that the Λ z = 0, L m = 0 version can be derived from a purely affine Lagrangian density as well as a Palatini Lagrangian density, the same as with the Abelian theory [6] . The purely affine Lagrangian density is
where N νµ is simply defined to be
Considering that N ⊣µν = (1/N )∂N/∂N νµ , we see that setting δL/δ Γ α ρτ = 0 gives the same result obtained from (5) 
Since (41) Note that there are other definitions of N and g which would make the Lagrangian density (5) real and gauge invariant, for example we could have defined N = tr(det(N νµ )) or N = Det(det(N νµ )), where det() is done only over the tensor indices. However, with these definitions the field N ⊣µν = (1/N )∂N/∂N νµ would not be a matrix inverse such that N ⊣σν N νµ = δ σ µ I. Calculations would be very unwieldy in a theory where N ⊣µν = (1/N )∂N/∂N νµ appeared in the field equations but was not a genuine inverse of N νµ . In addition, it would be impossible to derive the Λ z = 0, L m = 0 version of the theory from a purely affine Lagrangian density, thus removing a motivation for the theory. Note that we also cannot use the definition N = det(tr(N νµ )) as in [20] because det(tr(N νµ )) and det(tr(R νµ )) would not depend on the traceless part of the fields.
The caseh νµ = 0 with nonsymmetric fields
Let us consider the theory for the special caseh µν = 0, or more precisely for
In this case A ν andNN ⊣[νµ] are the only independent variables in (18) which are not just multiples of the identity matrix I. This assumption is both coordinate independent and gauge independent, considering (30,32). We assume this special case because it gives us Einstein-Maxwell-Yang-Mills theory, and because it greatly simplifies the theory. With the assumption (44) we also havẽ R νµ = tr(R νµ )I/d, and the term ([A α ,Γ (18) . It is important to emphasize that any solution of the restricted theory (44) will also be a solution of the more general theory.
Setting δL/δA τ = 0 and using the definition (11) of f νµ gives the ordinary Maxwell-Yang-Mills equivalent of Ampere's law,
where the source current j τ is defined by
Setting δL/δΓ β τ ρ = 0 using a Lagrange multiplier term tr[Ω 3,4) gives the connection equations,
Setting δL/δ(NN ⊣(µν) ) = 0 using the identitiesN = [±det(
gives our equivalent of the Einstein equations,
where S νµ is defined by
Setting δL/δ(NN ⊣[µν] ) = 0 using the identitiesN = [±det(
gives,
Note that the antisymmetric field equations (50) lack a source term because L m in (18) To put (45-50) into a form which looks more like the ordinary EinsteinMaxwell-Yang-Mills field equations we need to do some preliminary calculations. The definitions (8, 11) of g νµ and f νµ can be inverted to give N νµ in terms of g νµ and f νµ . An expansion in powers of Λ −1 b is derived in Appendix B,
Here (f 3 )Λ Therefore the solution of the connection equations from [13] can again be abbreviated as
where Γ α νµ is the Christoffel connection,
Substituting (53) using (102) shows that as in [13] , the non-Abelian Ricci tensor (19) can again be abbreviated as
where . Combining (51,55,6) with the symmetric field equations (48) and their contraction gives
where the Einstein tensor and energy-momentum tensor are
Here (f b . This shows that the Einstein equations (56) match those of Einstein-Maxwell-Yang-Mills theory except for extra terms which will be very small relative to the leading order terms because of the large value Λ b ∼ 10 63 cm −2 from (13). Combining (52,55) with the antisymmetric field equations (50) gives
Here (f 2 )Λ . From (13) we see that the f νµ in Ampere's law (45) matches the MaxwellYang-Mills tensor (2) except for extra terms which will be very small relative to the leading order terms because of the large value Λ b ∼ 10 63 cm −2 from (13). Let us do a quantitative comparison of theh νµ = 0 case to EinsteinMaxwell-Yang-Mills theory. To do this we will consider the magnitude of the extra terms in the Einstein equations and the Maxwell-Yang-Mills field tensor for worst-case field strengths and rates-of-change accessible to measurement, and compare these to the ordinary terms. In particular we will evaluate extra terms in the Einstein equations (56) and compare these to f µν which appears in Ampere's law (45). We assume that the worst-case field strengths and rates of change accessible to measurement will be purely electromagnetic fields. Also, because we will just be doing order-of-magnitude calculations, we will neglect mixing in f µν and we will use the electromagnetic coupling constant. In geometrized units with the Heaviside-Lorentz convention an elementary charge has e = 1.38 ×10 −34 cm. If we assume that charged particles retain f 1 0 ∼ e/r 2 down to the smallest radii probed by particle physics experiments (10 −17 cm) we have from (13), 
The fields at 10 −17 cm from an elementary charge would be larger than near any macroscopic charged object. Here f 1 0 is assumed to be in some standard spherical or cartesian coordinate system. If an equation has a tensor term which can be neglected in one coordinate system, it can be neglected in any coordinate system, so it is only necessary to prove it in one coordinate system. So for electric monopole fields, the extra terms in the Einstein equations (56) must be < 10 −29 of the ordinary Maxwell-Yang-Mills term. Similarly the extra terms in the Maxwell-Yang-Mills field tensor (58) must be < 10 −29 of f νµ . Also, for the highest energy electromagnetic waves known in nature (10 20 eV, 10 34 Hz) we have from (13),
So for electromagnetic waves, the extra terms in the Einstein equations (56) must be < 10 −13 of the ordinary Maxwell-Yang-Mills term. Similarly the extra terms in the Maxwell-Yang-Mills field tensor (58) must be < 10 −13 of f µν which appears in Ampere's law (45).
From this analysis we see that these extra terms in the field equations (56,58,45) are far below the level that could be detected by experiment for worst-case field strengths and rates of change accessible to measurement. At least we have made great efforts to find an experiment in which these extra terms would be evident, and we have been unable to find such an experiment. As shown in [13] , the ordinary Lorentz force equation can be derived from the divergence of the Einstein equations for the purely electromagnetic case of this theory. In [13] we also presented an exact electromagnetic plane-wave solution which is identical to its counterpart in Einstein-Maxwell theory. And in [13] we presented an exact electric monopole solution which matches the Reissner-Nordström solution except for additional terms which are < 10 −65 of the usual terms for worst-case radii accessible to measurement.
We wish to emphasize that the L m term in (5) allows coupling to additional fields via a symmetric metric g µν and Hermitian vector potential A µ , just as in Einstein-Maxwell-Yang-Mills theory. Our L m can contain the same fermion and Higgs field terms as in Weinberg-Salam theory or flipped SU (5) GUT theory. And when we do this we will get the same energy-momentum tensor (49,57) in the Einstein equations (56), and the same current (46) in the Maxwell-Yang-Mills equivalent of Ampere's law (45,58). In addition, the equations of motion of fermion and Higgs fields will be unchanged, and the components of A µ will mix and acquire mass in the usual way (the A µ mass terms will get lumped into j τ in (45,46) ). One aspect of this theory which might differ from Einstein-Maxwell-YangMills theory is discussed in detail at the end of section 5 of [13] for the purely electromagnetic case, although it is unclear whether it is really a difference or not. To see what this is we take the curl of (58) 
Using a Newman-Penrose 1/r expansion of the field equations we have shown that continuous-wave solutions like θ τ ≈ ǫ τ sin(kr − ωt)/r do not exist in the theory [19] , but it is still possible that wave-packet solutions could exist. If wave-packet θ τ solutions do occur, a calculation in [13] also suggests that they might have negative energy, although this calculation is really based on the assumption that θ τ ≈ ǫ τ sin(kr−ωt)/r solutions exist, and some questionable assumptions about terms being negligible. If wave-packet θ τ solutions do exist, and if they do have negative energy, there is still a possible interpretation of the θ τ field as a built-in Pauli-Villars field, with a cutoff mass (65) which is close to M P lanck = 1.22 ×10
19 GeV commonly assumed for this purpose. The additional cosmological constant Λ z in our Lagrangian density (5, 18) could have several contributions. If there was a contribution from zero-point fluctuations it would be approximately [14, 15, 16, 17] 
where ω c is a cutoff frequency and l P = (Planck length). Assuming the PauliVillars ghost idea discussed above, ω c = ω P roca from (65), Λ z ≈ −Λ b from (13), d = 2, g c = e/sinθ w , and the particles of the Standard Model gives
(96 − 28) = .17.
So by this calculation, zero-point fluctuations would only contribute about 17% of Λ z . Additional contributions to Λ z could perhaps come from Higgs field vacuum energy and additional unknown fields. It is unclear how this calculation would work out for flipped SU(5) GUT theory. Note that ω P roca and Λ b from (65) depend on the coupling constant g c , so their values should "run" with frequency. The contribution to Λ z from zero-point fluctuations (67) would be slightly modified if we used a "bare" g c calculated at ω P roca instead of a low energy value. Also note that the Pauli-Villars ghost idea might not be necessary or correct, in which case we could make (67) closer to 100% by assuming a slightly larger ω c .
The case |h νµ | ≪ 1 with symmetric fields
This theory definitely differs from Einstein-Maxwell-Yang-Mills theory in that the symmetric fields can be non-Abelian, with traceless components. To investigate this let us calculate the field equations with the Lagrangian density (18, 19) and the special case
where
For present purposes we assume S νµ = 0 and Λ = 0. Setting δL/δΓ We will only consider the case where the traceless components are small, similar to linearized gravity,
Hereh νµ is defined in (8) and Γ α νµ is the Christoffel connection (54) formed from the physical metric g νµ with no traceless components. The connection equations (70) 
and dividing by √ −g gives 0 =h
Combining the permutations of this gives
Contracting this with g βω gives
So the O(h) solution of the connection equations (70) is
and using a similar method [19] gives the O(h 2 ) solution of the connection equations (70), 
= −h νµ;α; α + 2h α(ν;µ); α + 1 (n−2) g νµh τ τ ;α;
α .
Contracting this equation gives
So we can also write the field equations as
Now let us assume that we can ignore the difference between covariant derivative and ordinary derivative. In that case (80,82) match the "gauge independent" field equations [26] of linearized gravity, but with a non-Abelian h νµ . In linearized gravity one often assumes the Lorentz gaugē
Here we do not have the same freedom because in the coordinate transformation x ν → x ν +ξ ν ,h νµ →h νµ − ξ ν;µ − ξ µ;ν the parameter ξ ν cannot be traceless likeh νµ . However, we can still seek solutions which satisfy (83). Analogous with linearized gravity we have a z-directed plane-wave solution
and a static spherically symmetric solution
Hereh + ,h × , M are constant traceless Hermitian matrices. Note that (85) violates |h νµ | ≪ 1 near r = 0, so a corresponding exact solution may not exist. To find an effective energy-momentum tensor forh νµ we extract the O(h 2 ) components [19] from the exact field equations (68) using (102, 77, 76, 78, 8) , 
So the effective energy-momentum tensor is [19] 8πT τ ρ = 8π 
Adding to (89) the expression (92)/2−g ρτ (93)/8 gives a simpler form of the effective energy-momentum tensor [19] which is valid when S νµ = 0 in (68),
Averaging over space or time, covariant derivatives commute and gradients do not contribute [26] , so the averaged effective energy-momentum tensor is 
While solutions like (84,85) have not been observed, one must remember that gravitational waves and black holes have not been observed directly either. Solutions like (84,85) do not rule out the theory. In fact if there is an exact solution corresponding to (85), it might be a possible dark matter candidate.
Conclusions
The Einstein-Schrödinger theory is modified to include a cosmological constant Λ z which multiplies the symmetric metric, and by allowing the fields to be composed of Hermitian matrices. The additional cosmological constant is assumed to be nearly cancelled by Schrödinger's "bare" cosmological constant Λ b which multiplies the nonsymmetric fundamental tensor, such that the total "physical" cosmological constant Λ = Λ b + Λ z matches measurement. If the symmetric part of the fields is assumed to be a multiple of the identity matrix, the theory closely approximates Einstein-Maxwell-Yang-Mills theory. The extra terms in the field equations all contain the large constant Λ b ∼ 10 63 cm −2
in the denominator, and as a result these terms are < 10 −13 of the usual terms for worst-case fields and rates of change accessible to measurement. Like Einstein-Maxwell-Yang-Mills theory, our theory is invariant under U (1) and SU (d) gauge transformations, and can be coupled to additional fields using a symmetric metric and Hermitian vector potential.
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A Some properties of the non-Abelian Ricci tensor
Substituting the (27) 
B Approximate solution for N νµ in terms of g νµ and f νµ
Here we invert the definitions (8,11) of g νµ and fνµ to obtain (51,52), the approximation of Nνµ in terms of g νµ and fνµ. First let us define the notation
We assume that |f ν µ| ≪ 1 for all components of the unitless fieldf ν µ, and find a solution in the form of a power series expansion inf ν µ.
For the following calculations we will treat the fields as nd × nd matrices but we will only show the tensor indices explicitly. Lowering an index on the right side of the equation (N /ḡ)N ⊣νµ = g µν +f µν from (12) (112)
Usingf α α = 0, the well known formula det(e M ) = exp (tr(M )), and the power series ln(1− x) = −x − x 2 /2 − x 3 /3 . . . we get [27] , ln(det(I −f )) = tr(ln(I −f )) = − 1 2 tr(f ρ σf σ ρ) + (f 3 ) . . .
